We prove that any equational basis that defines RRA over wRRA must contain infinitely many variables. The proof uses a construction of arbitrarily large finite weakly representable but not representable algebras whose "small" subalgebras are representable.
Introduction
Let RRA denote the class of representable relation algebras, and let wRRA denote the class of weakly representable relation algebras, i.e. the class of relation algebras isomorphic with respect to 0, ·, 1 ′ , ⌣ , ; to algebras of binary relations with set-theoretic constants and operators ∅, ∩, Id, ⌣ , | (see [6, definition 5 .14] or [8] for basic definitions). Tarski proved that RRA is a variety [12] , and recently Pécsi proved that wRRA is also [10] . Hence we may consider an equational basis Σ that defines RRA over wRRA, that is, RRA = wRRA∩Mod(Σ). Andréka proved that Σ cannot be finite [3] . In the present paper, we strengthen Andréka's result in Theorem 1: Theorem 1. Suppose Σ is a set of equations such that RRA = wRRA ∩ Mod(Σ). Then the set of variables used by equations in Σ is infinite.
Ramsey numbers, Monk algebras, and splitting atoms
For m < ω, let R m (3) denote the least integer n such that any m-coloring of the complete irreflexive graph K n on n nodes contains a monochromatic triangle. For example R 2 (3) = 6 since every two coloring of the edges of K 6 contains a monochromatic triangle, but the coloring of K 5 where edges between adjacent nodes in a cyclic arrangement have one color and other edges have the other color is a two coloring without monochromatic triangles. These numbers R n (3) provide upper bounds to the sizes of representations of certain Monk algebras, defined below. Let M n denote the finite integral relation algebra with n symmetric diversity atoms a 1 , . . . , a n , whose only forbidden diversity cycles are (a i , a i , a i ), 1 ≤ i ≤ n (in the notation of [8] , M n is denoted E {2,3} n+1 ). This defines composition on the diversity atoms as follows:
These Monk algebras were recently shown in [2] to be representable over cyclic groups for all 2 ≤ n ≤ 275 except possibly n = 8 and n = 13. It is not known whether M n is representable for all n, or even for arbitrarily large n.
Proof. Suppose for contradiction that M n has a representation on a set U where |U | ≥ R n (3). Form a complete graph with vertex set U , where an edge uv is colored in the "color" of the unique diversity atom a i (some 1 ≤ i ≤ n) such that u, v ∈ a i . Since |U | ≥ R n (3), there exist vertices u, v, w such that u, v , u, w , and v, w all belong to the same atom. But this violates the definition of Monk algebras, in which 1-cycles (a i , a i , a i ) are forbidden.
The name "Monk algebra" can also refer, as in [6] , to algebras derived from the M n 's via splitting of atoms. The theory of splitting in relation algebras was developed in [4] ; splitting is often used to create non-representable relation algebras, as it will be here.
Let M(n, k) be the algebra obtained from M n by splitting the atom
is an integral relation algebra. Observe, since all elements are self-converse,
Let r 1 , . . . , r p ∈ M(n, k) (some p). These p elements define an equivalence relation ∼ over {a 2 , . . . , a n } by
The number of equivalence classes is at most 2 p . Hence, if n − 1 > 2 p then one of the ∼-equivalence classes contains at least two distinct elements a i , a j for some 2 ≤ i < j ≤ n. Let f be the sum of the elements in this equivalence class. By the expression
we see that f is generated, using booleans only, by 1
Hence f is an atom of the subalgebra Sg(a 1 , r 1 , . . . , r p ) of M(n, k) generated by a 1 , r 1 , . . . , r p , using all of the relation algebra operators and constants. From this, Lemma 3. For n > 1 + 2 p every subalgebra of M(n, k) generated by at most p elements belongs to RRA.
Proof. By [5] , any finite integral relation algebra with a flexible atom has a representation over a countable set. So
Next we show that these algebras are weakly representable.
M(n, k) is weakly representable
We recall two Definitions and a Theorem from [7] : Definition 4. Let A be a relation algebra. A network over A is a pair N = (N 1 , N 2 ), where N 1 is a set (of 'nodes') and N 2 :
Henceforth we drop the subscripts, so we may write x ∈ N or N (x, y) instead x ∈ N 1 , N 2 (x, y) respectively. Definition 5. Let A be a relation algebra. The two player game G(A) has ω rounds. A play of the game consists of a countable sequence of strict networks
In the initial round, ∀ picks non-zero a 0 ∈ A and ∃ has to play a strict network N 0 containing nodes x 0 , y 0 , say, such that N 0 (x 0
Proof. We show that M(n, k) is weakly representable by giving a winning strategy for ∃. First, some additional notation: for any α ∈ M(n, k) \ {0} if α ≤ a i (some i) then we write ind(α) = i and we say that the index of α is i, if there is no such i then ind(α) is undefined.
In the initial round let ∀ play the non-zero element r. 
The remaining edges ((w, z) for w ∈ N m−1 \ {x, y}) are labelled below. If 
But there is one exception, when she includes 1 ′ in N m (w, z): if there is i such that
or a similar situation obtained by swapping x with y and r 0 with s 0 throughout, then N m (w, z) = a i . N m , so defined, is clearly strict, we must check its consistency:
Cases where u, v, w are not distinct are easy to check, using the fact that all atoms are self-converse. So assume the three nodes are distinct. Inductively, we need only check the consistency of triangles involving the new node z. Cases where {u, v, w} = {x, y, z} are consistent, since r 0 ; s 0 ≥ N m−1 (x, y) and r 0 , s 0 are minimal. The remaining cases are where {u, v, w} is either {z, x, w}, {z, y, w} or {z, w, w
Note that N m (w, z) is above all but at most two of {a i : 1 ≤ i ≤ n}, i.e. at least two of them. It follows, for any diversity atom 
′ . This leaves the following potential inconsistencies to check.
In the first case, the two alternatives are similar, we consider only the first of these. We suppose 1 ′ ≤ N m−1 (w, x) and N m (w, z); r 0 ≤ 0 ′ . The latter condition is equivalent to N m (w, z) · r 0 = 0. We know that r 0 is above some diversity atom of index i say, so N m (w, z) does not contain a i . Hence either ind(N m−1 (w, Thus ∃ has a winning strategy, and M(n, k) is weakly representable.
